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AN EMBEDDING RESULT
A. CANALE
Abstract. In unbounded subset Ω in Rn we study the operator u → gu as an operator
defined in the Sobolev space W r,p(Ω) and which takes values in Lp(Ω). The functions g
belong to wider spaces of Lp connected with the Morrey type spaces. The main result is
an embedding theorem from which we can deduce a Fefferman type inequality.
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1. Introduction
Let Ω be an unbounded open subset in Rn.
In literature there are different results about the study of multiplication operator for a
suitable function g : Ω→ C
u −→ gu, (1.1)
as an operator defined in a Sobolev space (with or without weight) and which takes values
in a Lp(Ω) space.
In W 1,p0 (Ω) or in W
1,p(Ω) with Ω regular enough, reference results are some well-known
inequalities which state the boundedness of (1.1): Hardy type inequalities (see H.Brezis
[2], A.Kufner [11], J.Necˇas [12]) when g(x) is an appropriate power of the distance of x
from a subset of ∂Ω, C.Fefferman inequality [10] (see, e.g. F.Chiarenza-M.Franciosi [8],
F.Chiarenza-M.Frasca [9]) obtained when g belongs to a suitable Morrey space.
In this paper we study the operator (1.1) in the Sobolev space W r,p(Ω), r ∈ N ,1 ≤ p ≤
+∞ when g belongs to suitable spaces Sp,s defined in Section 3.
One of the aspects of our interest in this type of inequality lies in the fact that the
embedding results are useful tools to prove a priori bounds when studying elliptic equations.
For applications in the study of the a priori bounds see [3], [4], [5], [6], [7]. The spaces
considered in some of these papers are connected to the spaces Sp,s.
These spaces are wider than Lp spaces, than classical Morrey space and are connected,
for suitable values of s, to the well known Morrey spaces defined when Ω is an unbounded
open subset in Rn.
We characterize the classes of functions in Sp,s and their inclusion properties in Section
3. In Section 4 we state the main result of this paper. We prove that if g ∈ Sq,s(Ω) for an
appropriate q ∈ [p,+∞[ and s ≥ 0, then (1.1) defines a bounded operator from W r,p(Ω) in
Lp(Ω).
We remark that our results imply that, for any function g : Ω→ C such that
sup
x∈Ω
ρ∈]0,d]
ρq−n
∫
Ω∩B(x,ρ)
|g|q < +∞, d > 0, q ≥ p, q ≥ n, q > n se n = p > 1,
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the following inequality holds
‖gu‖Lp(Ω) ≤ c‖g‖Sq,
s
p (Ω)
‖∇u‖Lp(Ω) ∀u ∈ W
1,p
0 (Ω).
2. Notations
Let Rn be the n-dimensional real euclidean space. We set
B(x, r) = {y ∈ Rn : |y − x| < r}, Br = B(0, r) ∀x ∈ R
n, ∀r ∈ R+.
For any x ∈ Rn, we call open infinite cone having vertex at x every set of the type
{x+ λ(y − x) : λ ∈ R+, |y − z| < r},
where r ∈ R+ and z ∈ R
n are such that |z − x| > r.
For all θ ∈]0, π/2[ and for all x ∈ Rn we denote by Cθ(x) an open infinite cone having
vertex at x and opening θ.
For a fixed Cθ(x), we set
Cθ(x, h) = Cθ(x) ∩B(x, h) , ∀h ∈ R+.
Let Ω be an open set in Rn. We denote by Γ(Ω, θ, h) the family of open cones C ⊂⊂ Ω of
opening θ and height h.
We assume that the following hypothesis is satisfied:
h1) There exists θ ∈]0, π/2[ such that
∀x ∈ Ω ∃Cθ(x) such that Cθ(x, ρ) ⊂ Ω.
3. Spaces Sp,s(Ω)
Let (Ω(x))x∈Ω be the family of open sets in R
n defined as
Ω(x) = B(x, ρ) ∩ Ω, x ∈ Ω, ρ > 0.
If 1 ≤ p < +∞ and s ∈ R, we denote by Sp,s(Ω) the space of functions g ∈ Lploc(Ω) such
that
‖g‖Sp,s(Ω) = sup
x∈Ω
ρ∈]0,d]
(
ρs−n/p ‖g‖Lp(Ω(x))
)
< +∞, d > 0, (3.1)
with the norm defined by (3.1).
We remark that
L∞(Ω) →֒ Sp,s(Ω) ∀p ∈ [1,+∞[ and ∀s ≥ 0.
Indeed, if g ∈ L∞(Ω), we get
‖g‖Sp,s(Ω) = sup
x∈Ω
ρ∈]0,d]
(
ρs−n/p ‖g‖Lp(Ω(x))
)
≤
≤ ‖g‖L∞(Ω) sup
x∈Ω
ρ+∈]0,d]
ρs
(
ρ−n/p|Ω(x)|1/p
)
= c‖g‖L∞(Ω)
(3.2)
where c = c(n, p).
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The following inclusions hold
Lr(Ω) →֒ Sq,s(Ω), s ≥
n
q
, 1 ≤ q ≤ r ≤ +∞, (3.3)
and
Sq,s(Ω) →֒ Sp,s(Ω) 1 ≤ p ≤ q ≤ +∞, (3.4)
In particular
Lp(Ω) →֒ Sp,
n
p (Ω). (3.5)
Indeed
‖g‖Sq,s(Ω) ≤ sup
x∈Ω
ρ∈]0,d]
(ρs−
n
q ‖g‖Lr(Ω(x))|Ω(x)|
1
q
− 1
r ) ≤
≤ c1 sup
x∈Ω
ρ∈]0,d]
ρs−
n
r ‖g‖Lr(Ω(x)) ≤ c1‖g‖Lr(Ω),
(3.6)
where c1 is a constant independent of g. From which we deduce also that
‖g‖Sp,s(Ω) ≤ c2 sup
x∈Ω
ρ∈]0,d]
ρs−
n
q ‖g‖Lq(Ω(x)),
where c2 is a constant independent of g.
Regard to the inclusion (3.5) we note that, for example, the constant functions belong to
Sp,
n
p (Ω) and do not belong to Lp(Ω). Furthermore the function 11+|x|α belongs to S
p,n
p for
any α > 0 but does not belong to Lp if α ∈]0, np [.
Remark 3.1. When Ω = Rn the space Sp,s includes the classical Morrey spaces Lp,n−sp,
0 ≤ s ≤ np , defined as the space of functions g ∈ L
p
loc(R
n) such that
‖g‖Lp,n−sp(Rn) = sup
x∈Ω
ρ>0
(
ρs−n/p ‖g‖Lp(B(x,ρ)
)
< +∞. (3.7)
4. Embedding result
Let us consider the function
φ : (x, y) ∈ Ω× Ω −→
{
1 if y ∈ Ω(x)
0 if y 6∈ Ω(x).
(4.1)
and, for any x ∈ Ω, we set
E(x) = {y ∈ Ω : x ∈ Ω(y)}. (4.2)
Lemma 4.1. For any x ∈ Ω, E(x) is a measurable set and there exist c1, c2 ∈ R+ such
that
c1ρ
n ≤ |E(x)| ≤ c2ρ
n ∀x ∈ Ω. (4.3)
4 A. CANALE
Proof. Clearly the function φ defined by (4.1) is a measurable function. Then, for any
fixed y ∈ Ω, the function φy : x ∈ Ω→ φ(x, y) is measurable. Since φy is the characteristic
function of E(y), we have that E(y) is measurable.
Now we prove that (4.3) holds. The inequality on the right is easily proved. We will
prove the inequality on the left.
Let us consider Cθ(x, ρ) such that Cθ(x, ρ) ⊂ Ω. We get
Cθ(x, ρ) ⊂ E(x).
In fact let y ∈ Cθ(x, ρ). Then there exists a cone C ∈ Γ(Ω, θ, h) such that x, y ∈ C. So
x ∈ B(y, ρ) ∩ Ω =⇒ y ∈ E(x).
Thus the inequality (4.3) is stated.

Now we state a Lemma which we will use in the proof of the embedding result.
Lemma 4.2. If h1) holds, then, for any s ≥ 0, we have v ∈ L
1(Ω) if and only if the map
x ∈ Ω→ ρ−n|v|L1(Ω(x)) belongs to L
1(Ω). Therefore there exist c1, c2 ∈ R+ such that
c1‖v‖L1(Ω) ≤
∫
Ω
ρ−n‖v‖L1(Ω(x))dx ≤ c2‖v‖L1(Ω) ∀v ∈ L
1(Ω). (4.4)
Proof. The result is a consequence of the relation∫
Ω
ρ−n‖v‖L1(Ω(x))dx =
∫
Ω
ρ−n
∫
Ω
|v(y)|φ(x, y)dxdy =
=
∫
Ω
|v(y)|dy
∫
E(y)
ρ−ndx
(4.5)
and of the Lemma 4.1. 
Let r, s, p, q be real number with the condition
h2) r ∈ N, s ≥ 0, 1 ≤ p ≤ q < +∞, q ≥
n
r
, q >
n
r
if
n
r
= p > 1.
Let u ∈W r,p(Ω). For any x ∈ Ω we set
Ψx : y ∈ Ω→ x+
y − x
ρ
, Ω∗(x) = Ψx(Ω(x)) ,
u∗ = (ux)∗ : z ∈ Ω∗(x) −→ u(x+ ρ(z − x)) .
We note that
u∗ ∈W r,p(Ω∗(x)).
We also note that, in consequence of h1) Ω
∗(x) has the cone property, with the characteristic
cone having height and opening independent of x.
On the other hand, if τ = q/p, from h2) we get
τ ≥ 1, τ > 1 if
n
r
= p > 1,
τ − 1
pτ
≥
1
p
−
r
n
.
From well-known imbedding theorems of Sobolev spaces (see, e.g., R.A. Adams [1]), we
deduce that
u∗ ∈ L
pτ
τ−1 (Ω∗(x))
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and the following bound holds
|u∗| pτ
τ−1 ,Ω
∗(x) ≤ c0‖u
∗‖W r,p(Ω∗(x)), (4.6)
where c0 = c0(p, q, r, n) is a constant independent of x and u
∗.
From (4.6) easily it follows that
ρ−n
(τ−1)
pτ |u| pτ
τ−1 ,Ω(x)
≤ c0
∑
|α|≤r
ρ|α|−
n
p |∂αu|p,Ω(x). (4.7)
Theorem 4.3. If h1) and h2) hold, then for any g ∈ S
q, s
p (Ω), s ≤ p, and for any
u ∈ W r,p(Ω) we get gu ∈ Lp(Ω) and
‖gu‖Lp(Ω) ≤ c‖g‖Sq,
s
p (Ω)
‖u‖W r,p(Ω), (4.8)
where the constant c = c(p, q, r, n) is independent of g and u.
Proof. Let u ∈ W r,p(Ω) and g ∈ Sq,
s
p (Ω). By (4.4) and by Ho¨lder inequality it follows
that
∫
Ω
|gu|pdx ≤ c1
∫
Ω
ρ−n
∫
Ω(x)
|gu|pdy dx ≤ c1
∫
Ω
ρ−n‖g‖pLpτ(Ω(x))‖u‖
p
L
pτ
τ−1 (Ω(x))
dx ≤
≤ c1‖g‖
p
S
q, s
p (Ω)
ρ−(s+n
τ−1
τ )
∫
Ω
‖u‖p
L
pτ
τ−1 (Ω(x))
dx.
(4.9)
On the other hand from (4.7) and Lemma 4.2 we obtain
ρ−n
(τ−1)
τ
∫
Ω
‖u‖p
L
pτ
τ−1 (Ω(x))
dx ≤ c0
∑
|α|≤r
ρ|α|p−n
∫
Ω
‖∂αu‖pLp(Ω(x))dx ≤
≤ c1
∑
|α|≤r
ρ|α|p‖∂αu‖pLp .
(4.10)
From (4.9), (4.10) the inequality (4.8) follows.

The following theorem is a consequence of the embedding result stated in the
Theorem 4.3 (see result of Fefferman [10] and also [9] for a simplified proof).
Theorem 4.4. If h1) and h2) hold, then for any g ∈ S
q, s
p (Ω), s ≤ p, we get
‖gu‖Lp(Ω) ≤ c‖g‖Sq,
s
p (Ω)
‖∇u‖Lp(Ω) ∀u ∈ W
1,p
0 (Ω).
where the constant c = c(p, q, n) is independent of g and u.
Proof. Taking in mind the Hardy inequality, the proof is a direct consequence of the
Theorem 4.3 when r = 1. 
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